Abstract. Dual Phase steels (DP steels) have shown high potential for automotive and other applications, due to their remarkable property combination between high strength and good formability. The mechanical properties of the material are strictly related with the spatial distribution of the two phases composing the steel, ferrite and martensite, and their stochastic geometry. Unfortunately the experimental costs to obtain images of sections of steel samples are very high, thus one important industrial problem is to reduce the number of 2D sections needed to reconstruct or simulate in a realistic way the 3D geometry of the material. This reduction causes an increase of the uncertainty in the parameters estimates of suitable geometric models for the material.
Introduction
Dual Phase steels (DP steels) have shown high potential for many applications due to their remarkable property combination between high strength and good formability.
Here we consider a sample of steel formed by martensite and ferrite. The relative position and geometric structure of the two phases is responsible of the mechanical properties of the material, thus it is particularly important to provide statistical models which may reproduce the main geometric characteristics of the two phases. Our results are based on images of about 150 tomographic sections taken from a lab sample of steel.
The formation of the two phases of the material starts after a cooling phase of the melted alloy of iron and carbon, during which austenite is formed, followed by a rolling phase, transforming slabs of steel into thin metal foils.
A further cooling phase follows the rolling; during this phase the formation of ferrite starts. Crystals of ferrite nucleate mainly from the interfaces of the rolled (and thus deformed) austenite, and grow up to impingement with other crystals of ferrite, driven by the evolving field of carbon concentration. After a fixed time interval the formation of ferrite is stopped by a sudden quenching, during which the material still not transformed into ferrite becomes martensite. The final result is a dual phase steel formed by ferrite and martensite, having a stochastic geometric structure.
In order to define a dynamical model able to reproduce the complete geometric structure of the material, a stochastic birth and growth process coupled with the evolution of the carbon field should be used (see [1] for similar models applied to polymer crystallization). A first model which goes in this direction, though facing the problem at only a macroscopic scale, has been studied in [7] .
In the following we will introduce a possible approach to reproduce the main mean geometric characteristics of the martensite contained in the real sample via a germ-grain model. The model requires further improvements in order to obtain a better agreement with the real data, as will be clear from our results. Anyway this is a proposal of a general procedure that may be applied to this and to other similar case studies in which the reduction of the experiments and measurements to study the random geometry of the material, without loosing too much information, is a crucial industrial issue.
As from a confidentiality agreement with Nippon Steel & Sumitomo Metal, who provided the real data, the images of the real sample will not be shown.
Structure of the austenite phase
First of all we studied the geometric structure of the interfaces of austenite after rolling, since nucleation of ferrite happens mainly on such interfaces, so that the location of the final ferrite and martensite crystals depends on the location of such interfaces.
The shape of the crystals of austenite before rolling is quite close to a 3D Voronoi tessellation. The rolling reduces the thickness of the rolled slab to 1/50 of the original thickness, but preserving the width and the total volume. The result is a long thin foil (see Figure 1) .
If we apply a deformation to a 3D Voronoi tessellation, maintaining the proportions used in the real experimental situation, we obtain the results shown in Figure 2 .
Since the real sample is composed of a very small portion of the rolled metal foil, extracted from the middle of the foil, we sectioned a small cube of the deformed tessellation, with dimensions proportional to the real sample, in order to look at its internal geometric structure. Two sections in the x 1 x 3 and x 2 x 3 directions, respectively, are reported in Figure 3 . It is evident that, at the scales relevant for our application, the effect of rolling is the transformation of the interfaces of the 3D Voronoi tessellation into approximately parallel planes, having random quotes along the x 3 axis. The distribution of the quotes looks quite regular. This is in accordance with the images of sections of austenite after rolling, which shows a typical pancake structure (see Figure 4 ) and with applications to other materials already studied in literature [8] .
We have thus modelled the interfaces of austenite as parallel horizontal planes, i.e. parallel to direction x 1 x 2 , with randomly distributed quotes along the x 3 axis. The quotes have been distributed according to a 1-dimensional hard core process [2, Section 5.4] , that is a point process with an inhibition distance between points. Figure 4 on the right shows a simulated realization of such a process.
In Figure 5 a simulated sample of the two phases which resembles the real one is reported. The black region, occupied by martensite, can be represented as the free space between different crystals of ferrite at the moment of quenching. Since the crystals of ferrite nucleate on the parallel planes representing the interfaces of austenite, martensite will have a tendency to concentrate in between two adjacent parallel planes.
Morphological analysis of the martensite
In order to set up a geometrical model which may realistically represent the material, we first described quantitatively the geometrical structure of the martensite via a morphological analysis of the real sample. The morphology of a random set may be described by the densities of the Minkowski functionals (see [2] for the definition). In particular we concentrated on the volume density V V (fraction of the volume occupied by the random set), the surface density S V (surface of the random set per unit volume), and the density of Euler-Poincaré characteristics E V (number of connected components of the random set per unit volume). In general these functionals are constant in space only if the random set under study is isotropic and stationary, i.e. its distribution is invariant under rigid motions.
We computed the Minkowski functionals of the martensite of the real sample, by sectioning the sample into slices of 10 voxels of width in the three main directions, in order to test also the presence of zones of non stationarity or of anisotropies. The functionals have been computed according to the estimators described in [3] , using the Matlab codes which can be downloaded from [4] . The results are reported in Figure 6 . The functionals look almost constant along the directions Z and X, while V V and S V show a periodicity along the direction Y (see Figure 5 for the names of the directions). This fact is confirmed by a visual inspection of the real sample, which shows a "striped" structure in direction Y, which is coherent since the direction of rolling is parallel to the XZ plane and thus the crystals of ferrite are born on planes parallel to the XZ plane.
We also deduce from the graphics that the martensite is very "fragmented", in particular observing the behaviour of the surface density and the volume density, which are almost overlapped in all directions. This is confirmed by a visual inspection of the real sample, since many small holes or pores are present in the material and the martensite in some places is needle shaped. This porosity does not influence much the mechanical properties of the material, thus it can be neglected in the construction of a realistic geometric model. Since the presence of the pores can not be easily reproduced with a geometrical germ-grain model, we performed a closure of the 3D real sample [6] , with a sphere of 5 voxels of radius. The closure of a random set has the effect of "filling the small holes". The Minkowski functionals of the closed image are reported in Figure 7 . Now the volume and surface density are different, because of the lower fragmentation of the image.
We will use the closed image and its Minkowski functionals as a reference in the procedure of parameter identification of the geometrical model reproducing the material, described in the following sections.
A germ-grain model
In order to set up a statistical model able to reproduce the mean geometric structure of the real sample of steel, we have proposed a germ-grain model with spherical grains, depending on a small set of unknown parameters. The model will reproduce the structure of the ferrite phase, neglecting the interfaces between different crystals, so that the martensite will be represented by the empty space between different grains of the model.
A germ-grain model is a random closed set Ξ ⊆ R d defined as
where {x i } are points in R d forming a locally finite point process, called germs; Θ i are i.i.d. uniformly bounded random closed sets (usually containing the origin) called grains, and ⊕ denotes the Minkowski sum between sets, thus Θ i ⊕ x i = {y + x i |y ∈ Θ i } (for more details see [5, 2] ).
We modelled the point process of germs as a Neyman-Scott clustered point process, taking into account that ferrite nucleates in the surrounding of parallel planes, and also observing that martensite in the real sample exhibits a "striped" structure.
The Neyman-Scott point process [2, Section 5.3] is formed by generating a spatial Poisson point process of parents having intensity λ p (x) and then surrounding the parents by a random number of daughter points, scattered independently and identically distributed around the parents. The parents are then removed and the Neyman-Scott process is formed just by the daughter points.
The germs in our model have thus been generated according to the following algorithm: Algorithm 1 Input: n planes = number of parallel planes, σ vert = standard deviation of the daughters'distribution in the vertical direction, σ hor = standard deviation of the daughters'distribution in the horizontal direction, λ=mean number of germs to be generated step 1: randomly generate a set of parallel planes, from which ferrite nucleates; step 2: generate the number N g ∼ P oisson(λ) of germs to be located in the 3D space step 3: fix the number of parent germs to Ng 4 step 4: distribute the parent germs uniformly on the parallel planes step 5: distribute the N g daughter germs around the parents according to a 3-variate normal distribution having diagonal covariance matrix given by
The grains have been modeled as independent spheres of random radius R = L · ρ, where L is a constant representing the maximum possible radius of the spheres and ρ is a random variable distributed as a mixture of two Beta distributions, as follows:
• ρ ∼ Beta(3, b1) with b1 > 3 with probability 0.7 (favouring small radii),
• ρ ∼ Beta(3, b2) with b2 < 3 with probability 0.3 (favouring big radii).
This choice has been motivated by an analysis of the granulometry of the material [6] , which provides such proportions of "big" and "small" grains.
In order to avoid edge effects, the simulation of the model has been performed in a window of observation enlarged by L on each side, and then only the central portion of the window with dimensions equal to the real sample has been considered. All the simulations have been performed in Matlab.
Thus our germ grain model is based on the following seven parameters:
Parameters estimates
For each set of the parameters p = (n planes , σ hor , σ vert , L, b1, b2, λ) we performed 10 simulations of the germ grain model, and on each simulation we computed the volume, surface, mean and Euler characteristic densities (i.e. the densities of Minkowski functionals). The parameters can be estimated by minimizing a suitable distance between the values of the densities measured on the (closed) real sample and the densities of the simulated germ-grain model.
Let us denote by S real ⊆ R 3 , the densities of the three functionals estimated on the real sample, byS sim (p) ⊆ R 3 the means, over 10 simulations, of the densities of the three functionals computed on the simulated samples, and byΣ the sample covariance matrix of the densities computed on the simulations. In order to minimize with respect to the parameters p, we have adopted the Mahalanobis distance, given by
since it weighs the distance from the mean of the simulations with respect to the variance, taking thus into account the variability related with each set of parameters. Note that the distance (5) is stochastic, being based on the outcomes of random simulations.
Since both parameters n planes and L are integers (the maximum radius of the spheres has been defined in the simulation program in terms of number of voxels), we needed to apply an optimization algorithm to a function which is not expressed in algebraic form and depending upon mixed integer and real parameters, so that we have decided to apply a genetic algorithm for the best fittingp = arg min p ∆(S real ,S sim (p)).
The estimated parameters are reported in Table 1 .
We have performed numerical simulations of the sample using the estimated optimal parameters, and computed the densities of the relevant Minkowski functionals on the simulated Table 1 Table 2 : Optimal values of the parameters fixing the number and location of nucleation planes sample. The results are shown in Figure 8 . Unfortunately, even though the numerical agreement between real data and simulated data is rather satisfactory in terms of orders of magnitude, our simulations do not capture detailed features such as the periodicity of volume and surface densities along the Y axis. We then tested a second model where we fixed at 5 the number of parallel planes from which ferrite originates, located "in the valleys" between two peaks in the graph referring to Y direction in Figure 7 . This choice is due to the fact that in our model martensite occupies the space left free by ferrite, thus the peaks in volume and surface densities of the martensite will be located in between two nucleation planes of ferrite. All the other parameters have been estimated via the optimization procedure described above. The results are reported in Table 2 . The Minkowski functionals computed on a simulated image with the new optimal parameters are compared with those of the closed true image in Figure 9 . As above, in this case too the observed periodicity along the Y axis has not been captured.
This motivates future directions of research by including additional realistic ingredients in the proposed statistical geometric model. A possible improvement could be obtained by changing the shape of the primary grain to an ellipsoid, since the grains of ferrite are often elongated, and thus are poorly approximated by spheres. In this case, a preliminary study of the distribution of the sizes of the three main diameters of the ellipsoids should be performed.
For the time being we will concentrate first in performing a sensitivity analysis of the param- Table 3 : Intervals of variation of each parameter in the sensitivity analysis. The integer parameters n p lanes and L have explored only the integer values contained in the respective intervals, the other parameters have explored 10 equally spaced points inside each interval eters of our model, which will be taken into account in the formulation of more realistic models, and then in evaluating the increase of uncertainty due to a reduction of the sample size (i.e. of the number of sections on the experimental sample).
Sensitivity analysis
In order to understand which parameters have a bigger influence on the variability of the densities of Minkowski functionals, we performed a sensitivity analysis as follows. We made one parameter at a time vary in an interval centered in the optimal value reported in Table 2 , fixing all the other parameters equal to the optimal values. We explored a variation of about the 20% of the value of each parameter, as reported in Table 3 .
For each value of the parameters we performed 15 simulations, on each simulated image we computed the Minkowski functionals and we averaged the results over the simulations. Plots of the results are reported in figures 10 -16.
From the results, we can observe that the parameters which have more influence in the variability of the Minkowski functionals are L, λ and b 2 . This should be taken into account in the definition of a more accurate model. Here we propose a technique to quantify the additional uncertainty in the parameter estimates which is introduced when the number of available sections is reduced. When a geometric model able to reproduce in a better way the geometric characteristics of the real sample will be available, this technique can be applied by the industry to fit the model to the data with a desired accuracy.
In order to produce this quantification we computed some plausibility regions for the estimated parameters, by fixing a threshold d max on the Mahalanobis distance
used in the optimization procedure and by computing the convex hull of the points p satisfying
Since p ∈ R 7 , the convex hull will be a polytope in R 7 . The increase in variability due to the reduction of the number of sections can be quantified via the ratio of the volumes of the 7-dimensional plausibility regions computed using all sections or a lower number of sections.
Note that the Minkowski functionals can be estimated in a reliable way only if the sections are contiguous, i.e. if their distance is comparable with the side of a pixel.
The variance of the estimated functionals increases when the volume of the region in which they are computed is reduced. This fact causes an increase in the volume of the corresponding plausibility regions when the number of sections is reduced.
As an example, we considered a subset of the real sample composed by 16 consecutive sections (which corresponds about to 1/10 of the original number of sections of the real sample), resulting thus in a slice of the real sample taken orthogonally to direction Z. We fixed d max = 3, and we used our first germ-grain model, with planes located randomly in the Y direction, whose optimal parameters using all sections are reported in Table 1 . We estimated the optimal parameters using only 16 sections, and the results are reported in Table 4 .
We then fixed d max = 3 and computed the volume of the 7-dimensional convex hull of the points satisfying (2) , obtaining: with all sections: V ol all = 5.0673e + 12 with 16 sections: V ol 16 = 2.4133e + 16
Thus dividing about by 10 the number of considered sections we obtain a relative increase of variability (i.e. uncertainty) in the parameters estimate of V ol 16 V ol all = 4762.
Such technique can be used to quantify the increase in variability for different choices of the number and location of the considered sections, thus providing to Nippon Steel & Sumitomo Metal an instrument to evaluate quantitatively the consequences of their choices.
